In this paper, a comprehensive study of contact and Sasakian structures on the indicatrix bundle of Finslerian warped product manifolds is reconstructed. In addition, the Kahler structure on the tangent bundle of these manifolds is studied for some different metrics. Throughout the paper, the contact structure of indicatrix bundle in warped product Finsler manifolds is presented. It is shown that indicatrix bundle cannot be a Sasakian manifold.
Introduction
One of the basic concepts in the present work is the warped product. Bishop and O'Neill [9] studied manifolds with negative curvatures and introduced the notion of warped product as a generalization of Riemannian products. Afterwards, warped product was used to model the standard space time, especially in the neighborhood of stars and black holes [15] . In Riemannian geometry, warped product manifolds and submanifolds were studied in numerous works [5, 8] . In [1, 12] , the concept of Finslerian warped product was developed. In this work, some properties of Finsler manifolds are expanded to the warped product Finsler manifolds. First, with respect to importance of contact structure on the indicatrix bundle which is studied from different aspects [2] , the contact structure of indicatrix bundle of warped product Finsler manifolds is reconstructed as a development of the work [4] on Finsler manifolds. Then, the conditions of being a Kahler manifold on tangent bundle of Finslerian warped product manifolds are presented as a generalization of the works [16, 17] . In addition, it is also found that indicatrix bundle cannot be a Sasakian manifold in T M for Finsler manifolds. These concepts are very closed and in some viewpoints even related to each other. The contact geometry in many ways is an odd-dimensional counterpart of symplectic geometry, which belongs to the even-dimensional world. Both contact and symplectic geometry are motivated by the mathematical formalism of classical mechanics in which either the even-dimensional phase space of a mechanical system or the odd-dimensional extended phase space including the time variable is considered. Also, Sasakian structures and Kahlerian structures are known as dual structures belong to odd dimensional and even-dimensional geometry, respectively [10] .
Aiming at finding the relations of these structures on a warped product Finsler manifold, this paper is organized in the following way. In section 2, warped product on the Finsler manifolds is reviewed with respect to the idea of Finslerian warped product manifolds in [1, 12] . In Section 3, the triple (ϕ, η, ξ) is introduced which is compatible with the Sasakian metric on T M in the sense of contact metric definition [10] . Then, it is proved that this structure is the contact structure of indicatrix bundle for warped product Finsler manifolds. This result is a generalization of proposition 4.1 in [4] for warped product Finsler manifolds. In Section 4, the Kahler structure of a warped product Finsler manifold is studied with respect to the sasaki and Oproiu's metrics [16] . Section 4 of this work is similar to the study conducted on Finsler manifolds in [17] . After proving that that indicatrix bundle naturally has contact structure, it will cross the minds that "Does it happen that IM under some conditions has Sasakian structure? " Finally in section 5, The components of Levi-Civita connection on the indicatrix bundle of a Finsler manifold for the restricted Sasakian metric are calculated. To this end, a new frame is introduced in which T T M can be written in the form of direct sum of vertical Liouville vector field and tangent bundle of indicatrix bundle. In the rest of this section, it is proved that the indicatrix bundle cannot have a Sasakian structure with the lifted sasaki metric G and natural almost complex structure J on tangent bundle. Therefore, we should not have any expectation of properties of Sasakian manifolds in Riemannian geometry on indicatrix bundle as a Riemannian submanifold of (T M, G, J).
Preliminaries and Notations
Suppose that (M 1 , F 1 ) and (M 2 , F 2 ) are two Finsler manifolds with dim M 1 = n and dim M 2 = m, respectively. Let M = M 1 × M 2 be the product of these two Finslerian manifolds and consider the function F : T M 0 −→ R + given by
where
It was proved in [1] that (M, F ) is a Finsler manifold called warped product Finsler manifold. The indices {i, j, k, . . .} and {α, β, λ, . . .} are used here for the ranges 1, . . . , n and 1, . . . , m, respectively. In addition, the indices {a, b, c, . . .} are used for the range 1, . . . , n + m. First, a review of some formulas in [1] is presented. The natural basis of Finslerian manifolds M 1 and M 2 is given as follows:
It is supposed that g ij = 1 2
∂y i ∂y j and g αβ = 1 2
∂v α ∂v β . Then, the Hessian matrix of F with respect to the coordinate (x, y) ∈ T M is shown by (g ab ) and expressed as follows
If the semi-spray coefficients of F 1 , F 2 and F are shown by G i , G α and B a , respectively, then the following equations can be obtained
For simplicity, B α+n is denoted by B α . In addition, nonlinear connection coefficient of F is shown as follows
∂v β and thus:
Here, some contents and notations which they are needed in the rest of this work are presented. First, indicatrix bundle of Finsler manifold (M, F ) is denoted by IM and defined in [3] by
A contact structure on a (2n + 1)-dimensional Riemannian manifold (M, g) is a triple (ϕ, η, ξ), where ϕ is a (1, 1)-tensor, η a global 1-form and ξ a vector field, such that:
Contact Structure of Indicatrix Bundle on the Warped Product Finsler Manifolds
Let (M, F ) be a warped product Finsler manifold. In this section, a local frame of tangent and cotangent bundle on T M is choosen which is suitable for studying the contact structure on IM as follows:
which are well-defined by considering Proposition 1 in [1] . In addition, with respect to these bases the Sasakian lift of the fundamental tensor g ab in (3) on T M is shown by G and given by:
The vertical Liouville vector field L of M which is perpendicular to the level curve of F can be calculated as follows:
It can be seen that G(L, L) = 1. The dual 1-form η of vertical Liouville vector field L is equal to dF or can be calculated by η(X) = G(L, X) which can be locally presented as follows:
The almost complex structure J on T T M compatible with Sasakian metric G is defined by:
The horizontal Liouville vector field of M defined by JL and has the local presentation as follows:
The horizontal Liouville vector field ξ play the role of Reeb vector field [10] in the present contact structure on the indicatrix bundle. The dual 1-form η of ξ is defined byη(X) = G(ξ, X), and is locally expressed as below:
The restriction of ξ andη to the indicatrix bundle is shown by ξ * and η * . Since, F is constant and equal to the unit on the indicatrix bundle IM , equations (11) and (12) are changed to following forms:
The (1,1)-tensor field ϕ is set on the indicatrix bundle IM as follows:
where Proof. The compatibility of ϕ and the metricḠ is equivalent to compatibility of J and G. Also, The conditions
are easy to be proved by considering equations (13) and (14) . To complete the proof, the condition dη * (X, Y ) =Ḡ(X, ϕY ) for the vector fields X, Y ∈ Γ(T IM ) needs to be checked. By calculating dη * the following can be obtained:
SinceḠ is the restriction of G to the indicatrix and dη * (ξ, .) = 0 thus
After proving that indicatrix naturally has contact structure, it will cross the minds that in which case IM will have Sasakian structure. In section 5, we show that indicatrix bundle cannot have Sasakian structure. Therefore, we should not have any expectation of properties of Sasakian manifolds in Riemannian geometry on indicatrix bundle as a Riemannian submanifold of T M .
A Kahler Structure on Finslerian Warped Product Manifolds
The first part of this section includes the Kahler structure on tangent bundle of warped product Finsler manifolds with metric G introduced in (7). In Theorem 3.1, it was proved that the Kahler form Ω defined by Ω(X, Y ) = G(X, JY ) is close. Therefore, T M naturally has an almost Kahler structure.
Consequently, the Kahler structure on (M, J, G) is equivalent to check the integrability condition of J. The integrability of J is equal to the vanishing of tensor field N J given by:
In order to simplify the equations, the basis (6) can be rewritten as follows:
. Moreover, the lie bracket of horizontal basis is given by:
In which the indices are in the same range as in Section 2. For different combinations of the basis (16) in computing N J the following equations are presented:
From these equations, the following Corollary can be inferred: δ * x n+m > is integrable. Now, the Kahler structure on the tangent bundle of a warped Finsler manifold is studied using the Oproiu's metric [16] which is used frequently in Physics phenomena. For the potential function τ defined on F 2 and the constants A and B, the new metricG is introduced as follows:
y a y b and y a = g ab y b .
It can be seen that
y a y b is the inverse matrix of P ab . Also, the following M -tensor fields on T M are obtained by the usual algebraic tensor operations,
The almost complex structureJ on T M compatible with metricG is presented as follow:
Proof. First, compatibility ofJ andG are checked
For (T M,J ,G), the Kahler 2-formΩ is defined byΩ(X, Y ) =G(X,J Y ) and has local presentation as follows:
From the last equations, the following can be obtained:
This equation and Theorem 3.1 show thatΩ is closed and (T M,J ,G) is an almost Kahler manifold.
To check thatJ is a complex structure on T M , the local components of NJ for the local basis (6) of a warped product Finsler manifold is calculated.
Therefore, the following corollary can be expressed. Proof. It is an obvious conclusion of equations (18) and Theorem 4.1.
Sasakian Structure and Indicatrix Bundle
In this section, the components of Levi-Civita connection on the Indicatrix bundle of Finsler manifolds are computed. In the first part, a new frame is set on a Finsler manifold which decomposes T T M in the following way: 
Levi-Civita Connection on Indicatrix Bundle
Supposed (M, F ) as an n-dimensional Finsler manifold. Since the vertical distribution V M is integrable in T T M and vertical Liouville vector field L is a foliation in T T M which belongs to V M , therefore, orthogonal distribution L ′ M to L in V M is a foliation and the local basis can be set as follows:
.., n − 1 and E i a is the (n − 1) × n matrix of maximum rank. The first property of this matrix is E i a g ij y j = 0 achieved by the feature G(∂ ∂y a , L) = 0. Now, using the natural almost complex structure J on T T M , the new basis for T T M is introduced as follows:
whereδ δx a := J∂ ∂y a . The Sasakian metric G on T M can be shown in the new coordinate system (19) as follows:
where a, b ∈ {1, ..., n − 1} and
. Now, Lie brackets of the basis (19) are presented as follows:
The local components of Levi-Civita connection ∇ given by:
for basis (19) and metric (20) are expressed as follows:
(23) where
b R ij and, (g ab ) is the inverse matrix of (g ab ).
In following, the Levi-Civita connection and metric on indicatrix bundle are denoted by∇ andḠ, respectively, whichḠ is the restriction of metric (20). In order to compute the components of Levi-Civita connection∇ on indicatrix bundle IM for the basis (19) the Guass Formula [13] :
where H is the second fundamental form of IM is needed. It is obvious that all components in (23) and except ∇∂ ∂y a∂ ∂y b are tangent to IM . Therefore, ∇ is equal to ∇ for the other components of (23) by using the Gauss formula (24). The following corollary can be stated for the component ∇∂ ∂y a∂ ∂y b . 
Z is related to the curvature tensorR of∇ in following equations:
For the other combinations ofδ δx a ,∂ ∂y a and ξ, tensor fields R andR coincide with each other.
Sasakian Structure and Indicatrix Bundle of a Finsler Manifold
First, let (M, ϕ, η, ξ, g) be a contact Riemannian manifold. In [6] , it was proved that M is Sasakain manifold if and only if
where∇
and ∇ is Levi-Civita connection on (M, g). Since the indicatrix bundle has the contact metric structure in Finslerian manifolds by Proposition 4.1 in [4] and in warped product Finsler manifolds by Theorem 3.1, here it is tried to find an answer to the question that "Can the indicatrix bundle be a Sasakian manifold with restricted sasaki metric G and almost complex structure J on T M ? ". First, the following Lemma is proved in order to reduce the number of calculations. Using (23), one of the components in above equations is g ab = 0 which demonstrates a contradiction and shows that the indicatrixe bundle cannot be in the Sasakian structure.
Another proof for Theorem 5.1
The following argument was presented in [11] and Chapter 6 in [10] . We consider T M = IM × R for the Finslerian warped product manifold (M, F ) and introduce the almost complex structureJ by means of ϕ defined in (14) as follows:J (X + f L) = ϕ(X) − f ξ + η(X)L where X is a vector field tangent to indicatrix bundle and ξ, η were defined in Section 3. Using a straight calculation, it can be seen thatJ is equal to J defined in (10) . The contact structure (ϕ, η, ξ) will be a Sasakian structure if and only if (ϕ, η, ξ) is normal, or equivalently,J is integrable. From (17) , it can be inferred thatJ is integrable if and only if M is a flat manifold. Up to now, it can be shown that IM is Sasakian if and only if M is flat. Furthermore, it was proved that ξ is a killing vector field on each Sasakian manifold [10] . Therefore, M has constant curvature 1 using Theorem 3.4 in [7] and it is a contradiction to the previous result which shows that M is flat if IM is a Sasakian manifold. ✷
